INTRODUCTION AND THE MATHEMATICAL BACKGROUND
The transverse displacement u of an extensible beam with hinged ends, assuming that the beam corresponds to the interval [0, 1] , is governed by the following équation that has been suggested by Woinowsky-Krieger [13] : Hère a > 0, 7 :> 0 and (3 are constants, and w 0? ù 0 are given functions. As in Dickey [5] and Bail [2] , p may be positive or négative corresponding to a beam under tension or compression, respectively. Equation (1.1) and similar équations have been investigated by several authors. We refer the reader to the papers by Dickey [5] and Bail [2] concerning the existence of generalized solutions and to the paper by Holmes and Marsden [7] for the existence of smooth solutions. In this paper we will examine the stability and convergence of a semidiscrete Galerkin approximation scheme for (1.1) and a fully discrete scheme based on it.
We use the standard notation for Sobolev spaces and norms. In particular, L 2 The Galerkin formulation of (1.1) that is relevant to the approximation schemes that we will consider is as follows :
Find u(t)e H 2 such that for each <p e H 2 and t > 0
Let us define the bilinear form
If the domain of A is defined as [10] ). Any finite dimensional subspace of H 2 leads to analysis along the same Unes, but we will specifically consider the semidiscrete version of (1.10) that seeks u h {t) e S h9 t =* 0, which satisfies
where u Oik , ù 0th G 5^ are approximations to w 0 , M 0 , respectively. Our convergence analysis and the fully discrete scheme we consider necessitate the expression of (1.9), (1.10) and (1.11) as évolution équations. We write (1.9) as
where / dénotes the identity operator, and set 
.., n-1, n = 1, 2, ..., for t/ 0 € D(À") and all f ^ 0. Hère £>(A n ), n = 2, 3, ..., is defined inductively as the set of all C/eD(A n -1 ) for which At/e/)(A"-1 ) and is endowed with the graph norm It is readily seen that J7 = [M, Ù] T e D(A") iff
and that ||.|| O(AB) is equivalent to the norm of H 2n
The existence of the solution for ail t s= 0 follows from the conservation of energy, energy being (1.18) (see Bail [2] ). Conservation of energy follows directly from the Galerkin formulation (1.10) and leads to bounds on || U(t)\\ e in terms of ||w(0)|| e [2] .
We would like to emphasize the locally Lipschitz character of F : [2] .
In the convergence analysis we will have occasion to refer to regularity results of the form
where C is a continuous function of its arguments. Even though we will not bother to be spécifie about the form of C in order not to clutter the notation and distract from the main features of the analysis, the reader should be able to convince himself that such bounds do in fact exist as long as the initial data is sufficiently regular (U Q e D(A n + k ) with n + k sufficiently large) thanks to the papers [2] , [7] .
We will express the évolution form of the galerkin formulation (1.10) as follows :
Introducing the bilinear form Iï(.,.) on H In the next section we will prove that (1.40)
The third section is devoted to the discussion of a fully discrete scheme based on a Crank-Nicolson type time discretization which conserves energy. Similar schemes have been discussed by Sanz-Serna within the context of the nonlinear Schroedinger équation [9] and within the context of the extensible string équation by Sanz-Serna and Christie [3] . (4) (O) = «o (6) 
THE RATE OF CONVERGENCE OF THE SEMIDISCRETE GALERKIN APPROXIMATION
(
Since U(t) -U h (t) = (U(t) -P h 1/(0) + (P h U(t) -U h (t))
, and (2.4) by (1.38), so that (2.5) thanks to the regularity statement (1.21) and the description (1.
17) of D(A k ), all we need to show is that E h (t) = P h U(t) -U h (t) satisfies (2.6) l lB
y the définition of P h and n (1.23) ( 
2.7) n(P h U,Q h ) = n(U,<l> h ), ® h eS h xS h .
We can therefore write (1.24) 
and (2.8) (A P h U{t), * ft ) e + n(P h U(t), Q h ) + (F(P h U(t)), ® h )e =

where (2.9) PA (0= (P h -I)D t U(t)+(F(P h U(t))-F(U(t))).
11) D t P h U(t) + A, P h U(t) + P e h F(P h U(t)) = PI 9h (t) .
We rewrite (1.29) :
From (2.11) and (2.12) we obtain
Thanks to (1.31) and the fact that P e h is the projection in H 2 x L 2 , (2.14)
leads to 
16) \\F(P h U(r))-F(U h (T))\\ e^C \\E h (T)\\ e
(We shall not indicate the quantities that C dépends on expliticly. C dépends, in particular, on T and || ^oll^^y I n tne sequel C may stand for different quantities that are bounded in terms of the data.)
Combining ( We will now prove the O (h 4 ) estimate for \\u h (t) ~ u(t)\\. Before we state and prove the relevant theorem we will introducé some mathematical background and notation in addition to that which was presented in section 1.
As in baker and Bramble [1] , Thomée [11] and Geveci [6] , we will introducé another inner product on H 2 x L 2 :
The associated seminorm is denoted as ||-||_ e h (T h is symmetrie, positive semidefinite on L 2 and positive definite on S h so that ||. || _ e h is a norm on S h x S k ). Now, A h is skew adjoint when 5^ x S h is equipped with the inner product where C = C(||K|| 2 , ||t>|| 2 ) .
Proof: 
